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ABSTRACT

Hybrid systems are widely used in safety-critical areas. Hybrid opti-

mal control synthesis, which aims to generate an optimal sequence

of control inputs for a given task, is one of the most important prob-

lems in the field. The classical Gradient-based methods are efficient

but they require the system under control should be differentiable.

Sampling-based methods have no such limitations, but the ability

of existing ones to solve complex control missions is restricted.

In this paper, we propose a practical and efficient method to solve

a general class of hybrid optimal control problems. Basically, we

transform the control synthesis problem into a derivative-free opti-

mization (DFO) problem. Then, we adapt a start-of-art classification-

based DFO method to solve the optimization problems based on

sampled variables efficiently. Furthermore, for complex state space,

which is difficult to solve, we present a piecewise control synthesis

method to make a tradeoff between optimality and efficiency by

generating feasible and piecewise optimal control inputs instead.

The empirical results on two complex real-world hybrid systems:

a vehicle and a quadcopter drone system, demonstrate that our

method outperforms existing methods significantly.
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1 INTRODUCTION

Hybrid systems [5, 20, 25] are dynamical systems that combine

continuous and discrete behavior. Hybrid automata (HA) [2, 25] is a

natural modeling language for hybrid systems. Hybrid systems have

been widely used in various areas such as industry, transportation,

biological systems and so on. Thus, how to design a safe, efficient

hybrid system [12, 19, 26] has attracted lots of attention.

Hybrid optimal control [6] is one of the most critical problems

in hybrid systems. It attempts to generate a sequence of control

modes of the HA model and also generate the corresponding dwell

time and control inputs in each control mode to meet an optimality

target. However, due to the complex behavior of hybrid systems,

including continuous variables changes and discrete control modes

transitions, the optimal control problem of such systems is difficult.

During the past two decades, various algorithms have been pro-

posed to solve hybrid optimal control problems. The gradient-based

optimization algorithm, firstly proposed by Xu and Antsaklis [37,

38], is the most typical method. Following this work, researchers

have devoted a lot of effort to the optimization of these works to

achieve better efficiency and usability [1, 3, 11, 16, 17, 22, 23, 27] .

Nevertheless, the applicability of gradient-based methods is re-

stricted. To use such methods, both the behavior of the HA model

and objective functions have to be differentiable or continuous,

which is difficult to meet by general nonlinear systems. Actually,

non-differentiable behavior such as discontinuous objective func-

tions or constraints widely exists in hybrid systems. Obviously,

existing gradient-based methods cannot handle such problems.

For non-differentiable problems, sampling-based methods were

proven very successful in practice. The most influential sample-

based algorithms include Rapidly-exploring RandomTrees (RRTs) [8,

30] and Probabilistic RoadMaps (PRMs) [28, 29]. They share the idea

of incrementally extending the search graph by randomly sampling

points towards the unexplored state space, but differ in how they

construct a graph connecting these points. However, neither RRTs

nor PRMs can guarantee the optimality of the synthesized solu-

tion. Vasile [35] presented how to generate maximally-satisfying

controllers for temporal logic specifications. This technique was

designed only for continuous control and cannot be applied di-

rectly into hybrid optimal control area. Farahani [18] proposed a

robust model predictive control approach based on Monte Carlo

simulation and rejection-sampling to solve hybrid optimal control

problems. Nevertheless, its ability to generate feasible trajectories

for complex control missions is restricted.

In this paper, we propose a new practical sampling-based algo-

rithm to handle complex hybrid optimal control problems involving

non-differentiable behavior. Firstly, we traverse the HA model of
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the system to enumerate potential control mode sequences in a

given depth bound. Then, for a fixed mode sequence, we transform

the non-differentiable optimal control synthesis problem of dwell

times and control inputs into a derivative-free optimization (DFO)

problem. Then, the new optimization problem can be solved by

adapting sampling-based derivative-free algorithms, e.g., genetic al-

gorithms [21], randomized local search [32], Bayesian optimization

methods [10], cross-entropy methods [13] and so on.

Specifically, in this paper, we adapt a classification-based derivative-

free optimization framework [40] to solve this DFO problem, in-

stead of using state-of-the-art rejection sampling methods directly.

It was discussed theoretically in [39] that such framework takes

polynomial time to approximate optimal solutions in solving local-

Lipschitz functions, while state-of-the-art rejection sampling meth-

ods need exponential time. Based on this theoretically-grounded

framework, we design a new Classification-based Derivative-free

optimizationmethod forHybrid optimal control (CDH) specifically,

to solve such non-differentiable control problems efficiently.

Furthermore, for complex problems with large bound, the num-

ber of potential control sequences may increase exponentially. We

make a tradeoff between performance and optimality by splitting

a whole trajectory into multiple subsequences and generating op-

timal control inputs for each subsequence, respectively. Then, we

concatenate these sub-control inputs to generate a feasible and

piecewise optimal control input set instead.

We implement the above algorithm and apply it to handle hybrid

optimal control of two complex real-world hybrid systems: a vehicle

and a drone system. Our method can generate optimal feasible

solutions for complex control tasks within only one minute. In

summary, this paper makes the following contributions:

• We propose a new control synthesis framework that can

transform hybrid optimal control problems to DFO problems

and give the proof of the equivalence of the transformation.

• We adapt a Classification-based Derivative-free optimiza-

tion method for Hybrid optimal control (CDH), to solve the

above optimization problems on sampled variables. In our

experiments, CDH outperforms other DFO methods and

existing sampling-based control algorithms substantially.

• We present a new method to generate piecewise optimal

control for complex tasks by splitting the original task into

multiple sub-tasks. The experiments show this piecewise

control synthesis method can save more than 88% percent

of the time usage and achieve similar control performance.

The rest of this paper is organized as five sections introducing:

the definition of our hybrid optimal control problem, our detailed

optimal control algorithm, the experiments, related works and the

conclusion of the paper, respectively.

2 PROBLEM FORMULATION

Due to the complex behavior combining continuous changes and

discrete transitions of nonlinear hybrid systems, we model such

systems by Hybrid Automata. The following definition of hybrid

automata is extended from [25].

Definition 1. A Hybrid Automaton 𝐻 is consisted of:

• Variables. A finite set 𝑋 = {𝑥1, ..., 𝑥𝑛} of real-numbered vari-

ables. �𝑋={ �𝑥1, ..., �𝑥𝑛} are first derivatives during continuous

changes and 𝑋 ′={𝑥 ′1, ..., 𝑥
′
𝑛} represents values at the conclu-

sion of changes. A finite set𝑈 = {𝑢1, ..., 𝑢𝑛′ } of external control
inputs bounded to the input space U.

• Control graph. A finite directed multigraph (𝑉 , 𝐸). The ver-
tices in 𝑉 are called 𝑐𝑜𝑛𝑡𝑟𝑜𝑙 𝑚𝑜𝑑𝑒𝑠 . The edges in 𝐸 are called

control switches.

• Initial, invariant, flow conditions Three vertex labeling

functions 𝑖𝑛𝑖𝑡 , 𝑖𝑛𝑣 , and 𝑓 𝑙𝑜𝑤 that assign to each control mode

𝑣 ∈ 𝑉 three predicates. Each initial condition 𝑖𝑛𝑖𝑡 (𝑣) is a
predicate whose free variables are from 𝑋 . Each invariant

condition 𝑖𝑛𝑣 (𝑣) is a predicate whose free variables are from𝑋 .

Each flow condition 𝑓 𝑙𝑜𝑤 (𝑣) is a predicate whose free variables
are from 𝑋 ∪ �𝑋 ∪𝑈 .

• Jump conditions. An edge labeling function 𝑗𝑢𝑚𝑝 that as-

signs to each control switch 𝑒 ∈ 𝐸 a predicate. Each jump

condition 𝑗𝑢𝑚𝑝 (𝑒) is a predicate whose free variables are from
𝑋 ∪ �𝑋 .

• Events. A finite set
∑

of events, and an edge labeling function

𝑒𝑣𝑒𝑛𝑡 : 𝐸 −→
∑

that assigns to each control switch an event.

Definition 2. Semantic. Given a hybrid automaton 𝐻 , the state

of 𝐻 is a triple (𝑣, x, u) ∈ (𝑉 × R𝑛 × U𝑛
′
), which means 𝐻 is in the

control mode 𝑣 and the values of 𝑋 and𝑈 are x and u respectively. 𝐻
can perform two kinds of transitions between two states.

• Continuous transition: If 𝐻 enters mode 𝑣 , and stays in 𝑣

by time 𝜏 with control input u, we have (𝑣, x, u)
𝜏
→ (𝑣, x′, u),

and there exists a differentiable function 𝑓 that satisfies

𝐶 (𝑣, x, 𝜏, u) =

⎧⎪⎪⎨⎪⎪⎩
𝑓 (0) = x, 𝑓 (𝜏) = x′

𝑓 𝑙𝑜𝑤 (𝑣) [𝑋, �𝑋,𝑈 := 𝑓 (𝑡 ), �𝑓 (𝑡 ), u]
∀𝑡 ∈ [0, 𝜏 ], 𝑖𝑛𝑣 (𝑣) [𝑋 = 𝑓 (𝑡 ) ]

• Discrete transition: 𝐻 can also perform discrete jumps be-

tween control modes. For each event 𝜎 ∈
∑
, we have (𝑣, x, u)

𝜎
→ (𝑣 ′, x′, u′) iff there is a control switch 𝑒 ∈ 𝐸 that satisfies

𝐷 (𝑣, 𝑣′, x, x′) =

{
𝑆𝑜𝑢𝑟𝑐𝑒 (𝑒) = 𝑣, 𝑇𝑎𝑟𝑔𝑒𝑡 (𝑒) = 𝑣′

𝑗𝑢𝑚𝑝 (𝑒) [𝑋,𝑋 ′ := x, x′ ]
𝑒𝑣𝑒𝑛𝑡 (𝑒) = 𝜎

We now define the control trajectory for a hybrid automaton 𝐻 .
Firstly, we define a control tuple (𝑣, 𝜏, u) ∈ (𝑉 ×𝑅+ ×U𝑛

′
), which

means 𝐻 stays in the control mode 𝑣 by time 𝜏 with the control
input u. Specifically, 𝑐 = (𝜏, u) is called the control configuration
of the control mode 𝑣 that defines the dwell time and control input.

Definition 3. The control trajectory is defined as a sequence

of the tuples above

𝜉 = (𝑣0, 𝑐0), . . . , (𝑣𝑁−1, 𝑐𝑁−1)

where 𝑁 = |𝜉 | is the length of the control trajectory.

For the convenience of introducing our algorithm in the next

section, we use 𝜉 = (v, c) to denote 𝜉 where v = 𝑣0, 𝑣1, ..., 𝑣𝑁−1

is the control mode sequence of 𝜉 and c = 𝑐0, 𝑐1, ..., 𝑐𝑁−1 is the

corresponding control configuration.

Definition 4. For a control trajectory 𝜉 of length 𝑁 , if

Ψ(𝜉) =
(∧𝑁−1

𝑖=0 𝐶 (𝑣𝑖 , x𝑖 , 𝜏𝑖 , u)
)
∧
(∧𝑁−1

𝑖=1 𝐷 (𝑣𝑖−1, 𝑣𝑖 , x𝑖−1, x𝑖 )
)

is true, we say 𝜉 is a feasible control trajectory.
The main objective of hybrid optimal problems is to find an

optimal feasible trajectory to fulfill specific control targets. Beside
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Figure 1: Our Hybrid Optimal Control Synthesis Frame-

work.

this, it is very often to see that the cost function is taken into

consideration in the control synthesis. So, we define our objective

function as

𝐽 (𝜉) = 𝜙 (x(𝜉) ) +
∑ |𝜉 |−1
𝑖=0 𝐿𝑖 (𝑣𝑖 , x, u)

where x(𝜉) is the value of 𝑋 after 𝐻 finishes the control trajectory

𝜉 , 𝜙 is the control target function, while 𝐿𝑖 is an arbitrary function
related to 𝑣𝑖 that can be a cost function or any other function for
some specific control goal. Finally, we define ourHybrid Optimal

Control Problem based on hybrid automata.

Definition 5. A hybrid optimal control problem P of a HAmodel

is to calculate an optimal feasible trajectory of the HA model that

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝐽 (𝜉) 𝑠 .𝑡 . Ψ(𝜉) 𝑖𝑠 𝑡𝑟𝑢𝑒

It’s worth noting that the problem defined in Def.5 is a more

general case compared to the conventional one given in [22]. It

makes no restriction on the objective function, constraints or

control input spaces. Next, we will introduce our newly proposed

derivative-free algorithm to solve the above problem.

3 HYBRID OPTIMAL CONTROL SYNTHESIS
FRAMEWORK

3.1 Overall Description

To solve the problem in Def.5, we propose a new non-differentiable

hybrid optimal control synthesis framework in Fig.1. Firstly, we

traverse the hybrid automatamodel of the system as a finite directed

graph and generate many potential control mode sequences in a

given depth bound using the depth-first search algorithm. Then,

for a fixed control mode sequence v, we synthesize the optimal

dwell time and control inputs for each mode by transforming the

optimal control synthesis problem into a minimization problem that

can be solved by our proposed Classification-based Derivative-free

optimization method for Hybrid optimal control (CDH).

The algorithm is presented in Alg.1. With a hybrid automaton

𝐻 , an objective function 𝐽 , the initial control mode 𝑣0 and the

maximum search bound D as inputs, the algorithm returns an

optimal trajectory 𝜉∗ in the boundD by Def.3. Firstly, the algorithm

initializes the optimal trajectory 𝜉∗, the optimal value 𝑣𝑎𝑙𝑢𝑒∗, the
mode sequence v and the current mode 𝑣 (line 2). Then, it iteratively
generates mode sequences v by depth-first search starting from

𝑣0 with the given maximum search depth D (line 3-16). For each

candidate mode sequence v, we encode the constraints along this

path into penalty function 𝑝 (line 4) and construct a new function 𝑓v
as the objective function of the minimization problem by combining

Algorithm 1 The Overall Bounded Algorithm for Hybrid Optimal

Control Problem

Input:

𝐻 : Hybrid Automaton; 𝐽 : Objective Function; 𝑣0: Start mode;D:

The maximum search depth;

1: function synthesis(𝐻 ,𝐽 ,𝑣0,D)

2: Initialize 𝜉∗ = 𝑛𝑢𝑙𝑙 ,𝑣𝑎𝑙𝑢𝑒∗ = +∞, v = 𝑣0, 𝑣 = 𝑣0
3: while true do

4: Encode constraints of v into penalty functions 𝑝
5: Construct a new objective function 𝑓v by

combining 𝐽 and 𝑝
6: c, 𝑣𝑎𝑙𝑢𝑒 = CDH(v,𝑓v)
7: if 𝑣𝑎𝑙𝑢𝑒 ≤ 0 and 𝑣𝑎𝑙𝑢𝑒 < 𝑣𝑎𝑙𝑢𝑒∗

8: 𝜉∗ = v, c
9: 𝑣𝑎𝑙𝑢𝑒∗ = 𝑣𝑎𝑙𝑢𝑒
10: if 𝑣 does not have unvisited successor or |v| ≥ D or

𝑣𝑎𝑙𝑢𝑒 > 0

11: if 𝑣 == 𝑣0 then break

12: else backtrack

13: else

14: 𝑣 ′ = 𝑔𝑒𝑡𝑁𝑒𝑥𝑡𝑆𝑢𝑐𝑐𝑒𝑠𝑠𝑜𝑟 (𝑣)
15: v = v, 𝑣 ′

16: 𝑣 = 𝑣 ′

17: return 𝜉∗

18: end function

𝑝 and 𝐽 (line 5). The details of transformations will be introduced
in sect.3.2. Then, we provide the new minimization problem to the

bottom-layer CDH algorithm (line 6), which will be explained in

detail in sect.3.3 for optimal control configurations synthesis.

Basically, CDH returns the best control configuration c found

for the current control sequence v and its evaluation value 𝑣𝑎𝑙𝑢𝑒 .
Specifically, we split the range of the return value to distinguish

infeasible and feasible paths. If the control sequence is feasible, its

returned 𝑣𝑎𝑙𝑢𝑒 will be non-positive, and if the returned 𝑣𝑎𝑙𝑢𝑒 is
smaller than the current minimum value, we will update 𝜉∗ and
𝑣𝑎𝑙𝑢𝑒∗ accordingly (line 8-9) and continue the search. Otherwise, if
the returned 𝑣𝑎𝑙𝑢𝑒 is positive, it means the derivative-free engine
fails to find a control configuration to make the current control se-

quence feasible. Thus, we backtrack to the previous mode (line 12).

Since we have set a maximum search depth D, the number of

candidatemode sequences is finite. As a result, the searchwill finally

stop (line 11) and the optimal trajectory 𝜉∗ is returned (line 17)
when all the sequences have been investigated. The next section

will introduce how we synthesize the optimal control configuration

for each fixed mode sequence.

3.2 From Optimal Control Synthesis To
Minimization

We now introduce how we synthesize optimal control configura-

tions. When v is fixed, the hybrid optimal control problem in Def.5

becomes the following v-fixed hybrid optimal control problem.

Definition 6. A v-fixed hybrid optimal control problem Pv

is to find the optimal control configuration c along control mode

sequence c that
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𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝐽v (c) = 𝐽 (v, c) = 𝜙 (x(v,c) ) +
∑ |v |−1
𝑖=0 𝐿𝑖 (𝑣𝑖 , x, u)

𝑠 .𝑡 . Ψ(v, c) 𝑖𝑠 𝑡𝑟𝑢𝑒

To solve the new v-fixed hybrid optimal control problem, we

transform it into a minimization problem that can be solved by

derivative-free optimization (DFO) methods. We first give the defi-

nition of a minimization problem.

Definition 7. Let 𝑋 denote a solution space that is a compact

subset of R𝑛 , and 𝑓 : 𝑋 → R is a function of x. Theminimization

problem of 𝑓 is to find a solution x∗ = argmin
x

𝑓 (x) ∈ 𝑋 𝑠.𝑡 . ∀x ∈

𝑋 : 𝑓 (x∗) ≤ 𝑓 (x).

According to the above definition, we need to construct a func-

tion 𝑓 to combine the evaluation of the trajectory on both the

feasibility requirement and the original objective function. To do

so, we design som specific penalty functions to encode the path

constraints along v, defined in Def.2 and Def.4, into penalty func-

tions to report a positive penalty value if some path constraints

are not satisfied.

We first consider the constraint in the form: C : 𝜓 (x) ∼ 0, where

∼∈ {>, <, ≤, ≥,==}, and 𝜓 (x) denotes a function on x. Next, we

define an indicator function I[C] which returns value 1 when C

is true, and 0, otherwise. Then, for the constraint C where ∼∈

{≤, ≥,==}, we define its penalty function as 𝑝 (C) = I[¬(𝜓 (x) ∼
0)] · |𝜓 (x) |. For the special case where ∼∈ {<, >}, and𝜓 (x) happens
to be equal to 0, we define 𝑝 (C) = I[¬(𝜓 (x) ∼ 0)] · |𝜓 (x) | +
I[𝜓 (x) == 0]. Combination constraints connected with ∨ or ∧ are

also considered and the penalty values are computed recursively

𝑝 (C1 ∨ C2) = min(𝑝 (C1), 𝑝 (C2))
𝑝 (C1 ∧ C2) = 𝑝 (C1) + 𝑝 (C2)

In addition, as we can see from Def.2, constraints from 𝐶 (𝑣) in-
volving continuous dynamics are in the form: C̃ : ∀𝑡 ∈ [0, 𝜏],C. To
compute the penalties of such constraints, we propose a numerical

ODE method. For the dwell time 𝜏 , we use 𝛿𝑠 as the time step and
compute the values of x with different units of 𝛿 , up to 𝜏/𝛿𝑠 . Then,
we compute its penalty at each time step and finally sum all the

penalty values up 𝑝 (C̃) =
∑𝜏/𝛿𝑠
𝑖=0 𝑝 (C).

To distinguish between feasible and infeasible solutions, our

function 𝑓 of the minimization problem conducts a twofold evalua-

tion of a control configuration c.

• If c cannot satisfy all the constraints, 𝑓 (c) is the sum of

penalties of all the constraints, which is always positive.

• On the other hand, if all the constraints are satisfied, the

penalty value of c is 0. Then, we compute the original ob-

jective function value 𝐽v (c) and shift it to the non-positive
region to make the value smaller than the infeasible cases.

Without loss of generality, we can assume the objective func-

tion 𝐽 is upper-bounded by real value K . So we define a

mapping function M(c) = 𝐽v (c) − K = 𝐽 (v, c) − K to

map the original value to a non-positive one.

Finally, we give the following minimization problem:

Definition 8. Let 𝑋 denote the control configuration solution

space which is a compact subset of R𝑛 , and 𝑓v : 𝑋 → R is a mini-

mization objective function of c. We define 𝑓v as

𝑓v (c) = I[Ψ(v, c)]M(c) + I[¬Ψ(v, c)]𝑝 (Ψ(v, c))

where I[·] is the indicator function that returns 1 when · is true and

0, otherwise. M and 𝑝 are the mapping function and the penalty

function respectively, Ψ(v, c) is the constraint defined in Def.4.

Then we have the following lemma about the transformation:

Lemma 1. Given a v-fixed hybrid optimal control problem Pv by

Def.6 and its corresponding minimization objective function 𝑓v by

Def.8, we have c∗ = argmin
c

𝑓v (c) is the optimal solution of Pv.

Proof. To prove Lemma.1, we just need to prove that, for the

v-fixed hybrid optimal control problem Pv given in Def.6, we have

argmin
c

𝑓v (c) = argmin
c

𝐽v (c).

Firstly, the mapping functionM(c) = 𝐽v (c) − K ≤ 0 is an affine

transformation of 𝐽v (c). So we have argmin
c

M(c) = argmin
c

𝐽v (c).

On the other side, according to the definition of penalty functions 𝑝 ,
the minimization of 𝑓v (c) can only be reached when the sequence
is feasible. In this case 𝑓v (c) = M(c), according to Def.8. Therefore,

we have argmin
c

𝑓v (c) = argmin
c

M(c) = argmin
c

𝐽v (c). �

3.3 Classification-based Derivative-free
Optimization Method for Hybrid Optimal
Control (CDH)

To solve complex hybrid optimal control problems, we can take ad-

vantage of existing mature sampling-based derivative-free methods,

including genetic algorithms [21], randomized local search [32],

Bayesian optimization methods [10], cross-entropy methods [13]

and so on. For example, we have implemented cross-entropymethod

and genetic algorithms to solve the problem defined in Def.8, c.f.

sect.4.3. Specifically, Yu [40] proposed a classification-based derivative-

free optimization (DFO) framework, with good performance and

sufficient theoretical analysis. In this section, by adapting this frame-

work, we propose a new Classification-based Derivative-free opti-

mization algorithm for Hybrid optimal control domain (CDH).

In most cases, DFO algorithms works in a sample-evaluate-

learn-style way. They firstly sample a large set of candidate so-

lutions and then evaluate these samples by the objective function.

After that, the samples and their evaluation results are learned to

refine the search space to sample better solutions in the next iter-

ation. As we have introduced the objective function that will be

used in the evaluate stage in Def.8, we will now introduce how we

sample and learn the candidate solutions in our proposed CDH.

3.3.1 Sample a Control Configuration Sequence. We first introduce

how we sample a solution. As we need to find the optimal configu-

ration sequence c∗ for the fixed v, therefore, c is the sample here.

The detailed sampling procedure is depicted in Alg.2.

Taking the fixed control mode sequence v and the sampling

model ℎv as inputs, the sampling function returns a sample of the
corresponding control configuration sequence c = 𝑐0, 𝑐1, ..., 𝑐 |v |−1
for v, where 𝑐𝑖 = (𝜏𝑖 , u𝑖 ) is composed of the dwell time and control
inputs in control mode 𝑣𝑖 . Here, ℎv maintains the solution space of
control configuration sequences for v, which is a multidimensional

region. For a specific control mode 𝑣 in the sequence v, we sample
its control configuration c[𝑣] from ℎv [𝑣]. Similarly, for the dwell
time 𝜏 of c[𝑣], denoted as c[𝑣] [𝜏], we sample it from ℎv [𝑣] [𝜏] that
is the solution space interval for the dwell time 𝜏 .
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Algorithm 2 Sampling and Learning

Input:

v: The fixed control mode sequence; ℎv: The sampling model; 𝑆 :
Set of samples; 𝑓v: The objective function for 𝑣 ;

1: function Sampling(v,ℎv)
2: c = [] [] // initialize c

3: for each 𝑣 ∈ v do

4: c[𝑣] [𝜏] = Uniform_Sampling(ℎv [𝑣] [𝜏])
5: for each 𝑢 ∈ 𝑈 do

6: c[𝑣] [𝑢] = Uniform_Sampling(ℎv [𝑣] [𝑢])
7: return c

8: end function

9:

10: function Learning(v,ℎv,𝑆 ,𝑓v)
11: 𝑃𝑜𝑠 = update(𝑃𝑜𝑠 ,𝑆 ,𝑓v) // choose𝑚𝑝𝑜𝑠 best samples

according to evaluation results

12: 𝑁𝑒𝑔 = 𝑆 \ 𝑃𝑜𝑠
13: while 𝑁𝑒𝑔 ≠ ∅ do

14: c𝑝𝑜𝑠 = randomly choose from 𝑃𝑜𝑠
15: 𝑣 = randomly choose a mode from v

16: 𝐼 = randomly choose a dimension // 𝜏 or any 𝑢 ∈ 𝑈
17: for each c ∈ 𝑁𝑒𝑔 do

18: if cpos [𝑣] [𝐼 ] ≥ c[𝑣] [𝐼 ] // large value is better
19: 𝑡𝑒𝑚𝑝 =random(c[𝑣] [𝐼 ], c𝑝𝑜𝑠 [𝑣] [𝐼 ])
20: if 𝑡𝑒𝑚𝑝 >GetLowerBound(ℎv [𝑣] [𝐼 ])
21: SetLowerBound(ℎv [𝑣] [𝐼 ], 𝑡𝑒𝑚𝑝)
22: 𝑁𝑒𝑔 = 𝑁𝑒𝑔 − {𝑐}
23: else // small value is better

24: 𝑡𝑒𝑚𝑝 =random(c𝑝𝑜𝑠 [𝑣] [𝐼 ], c[𝑣] [𝐼 ])
25: if 𝑡𝑒𝑚𝑝 <GetUpperBound(ℎv [𝑣] [𝐼 ]))
26: SetUpperBound(ℎv [𝑣] [𝐼 ]), 𝑡𝑒𝑚𝑝)
27: 𝑁𝑒𝑔 = 𝑁𝑒𝑔 − {𝑐}
28: return ℎv
29: end function

The sampling procedure starts with initializing the control con-

figuration sequence c as an empty list. After that, we iterate to

sample the control configuration c[𝑣] for each control mode 𝑣 in
the mode sequence v (line 3-6). We first uniformly sample the dwell

time c[𝑣] [𝜏] of 𝑣 from ℎv [𝑣] [𝜏] (line 4) and then sample values for
each control input 𝑢 ∈ 𝑈 (line 5-6). When the loop stops, we can

get a sampled control configuration sequence c.

3.3.2 Learn From Evaluated Samples. After sampling a large set of

candidate solutions and evaluating them by computing their objec-

tive function values, it comes to the learning stage. The detailed

algorithm is also presented in Alg.2.

With the fixed control mode sequence v, the sampling model

ℎv, the set of samples 𝑆 and the objective function 𝑓v as inputs, the
learning function returns a new refined sampling model. As the

derivative-free algorithm adapted here is based on classification,

we first label each sample by positive or negative according to their

objective function values and update the set 𝑃𝑜𝑠 which consists of
the latest𝑚𝑝𝑜𝑠 best samples (line 11). Other samples are stored in

the set 𝑁𝑒𝑔 (line 12). Then, it iterates to refine the space solutions of

ℎv based on existing positive samples until the new sample model

cannot generate any negative samples in 𝑁𝑒𝑔 anymore.
In each iteration, we first randomly choose a positive sample

from 𝑃𝑜𝑠 as the baseline solution to learn from (line 14). Meanwhile,

we randomly select a mode 𝑣 from v (line 15) and a dimension 𝐼
(line 16) to change the solution space of the control configuration.

Here, the dimension 𝐼 can either be the dwell time 𝜏 or any control
input 𝑢 ∈ 𝑈 for 𝑣 . Then, for each negative sample c in 𝑁𝑒𝑔, we
check the value of c𝑝𝑜𝑠 [𝑣] [𝐼 ] and c[𝑣] [𝐼 ]. If c𝑝𝑜𝑠 [𝑣] [𝐼 ] is larger
(line 18), it means the control configuration of the mode 𝑣 in the
dimension 𝐼 prefers larger values so that it can be evaluated as better
samples. Therefore, we randomly generate a value 𝑡𝑒𝑚𝑝 from the

region (c[𝑣] [𝐼 ], c𝑝𝑜𝑠 [𝑣] [𝐼 ]) (line 19) and compare it to the current
lower bound of ℎv [𝑣] [𝐼 ]. If 𝑡𝑒𝑚𝑝 is larger, we can shrink the lower
bound of ℎv [𝑣] [𝐼 ] to 𝑡𝑒𝑚𝑝 by calling the function SetLowerBound

(line 21). If a negative sample 𝑐 successfully contributes to refine
the search space, we can remove it from 𝑁𝑒𝑔 (line 22) since the new
model won’t generate 𝑐 again in next iterations.

If c[𝑣] [𝐼 ] is larger compared to c𝑝𝑜𝑠 [𝑣] [𝐼 ] (line 23), it means the
value of the control configuration in the dimension 𝐼 of the mode
𝑣 prefers smaller values. In this case, we need to shrink the upper
bound ofℎv [𝑣] [𝐼 ] to a smaller value in the same way we introduced
in line 18-22. After all the negative samples are eliminated from

𝑁𝑒𝑔, we return ℎv to sample better solutions in next iterations.

3.3.3 Put together. After introducing how we sample candidate

control configuration sequences and how to learn from evaluated

samples, we now give the complete CDH algorithm. The detailed

algorithm is depicted in Alg.3. With a fixed mode sequence v and

the objective function of corresponding minimization problem 𝑓v
as inputs, the algorithm returns the optimal control configuration

sequence c∗ for v along with its evaluation value 𝑓v (c
∗). Firstly, we

initialize the sample size𝑚, the current optimal result c∗ and the
iteration number 𝑡 (line 2). Meanwhile, we initialize the sampling
model ℎ0 by default ranges (line 3).
In each iteration 𝑡 , we sample 𝑚 candidate solutions (line 5).

Then, each sample ci ∈ 𝑆𝑡 will be evaluated by function 𝑓v (c).
The configuration that has the minimum value will be used to

update c∗ (line 6). After that,ℎ𝑡 is updated by learning from existing

configurations (line 7), to sample better configurations in the next

iteration. This sampling and learning procedure continues until

the objective function converges. Finally, we return the optimal

control configuration sequence c∗ for v along with its evaluation

value 𝑓v (c
∗) (line 9).

3.4 Discussion of Optimality

In [39, 40], the authors had given sufficient theoretical analysis

of the classification-based DFO framework. They first gave the

following definition of (𝜖, 𝛿)−query complexity to measure the

performance of the sampling-based optimization methods.

Definition 9. Given a function 𝑓 , an algorithmA, 0 < 𝛿 < 1 and

𝜖 > 0, the (𝜖, 𝛿)−query complexity is the number of calls to 𝑓 such

that with probability at least 1 − 𝛿 , A finds at least one solution 𝑥 ∈

𝑋 ⊂ R𝑛 satisfying 𝑓 (𝑥) − 𝑓 (𝑥∗) ≤ 𝜖 , where 𝑓 (𝑥∗) =𝑚𝑖𝑛𝑥 ∈𝑋 𝑓 (𝑥).
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Algorithm 3 Hybrid Optimal Control Via Classification

Input:

v: The control mode sequence; 𝑓v: The objective Function;
1: function CDH(v,𝑓v)
2: Initialize𝑚 ∈ 𝑁 +, c∗ = 𝑛𝑢𝑙𝑙 , 𝑡 = 0

3: Initialize the model ℎ0 by default ranges;
4: while not convergent

5: 𝑆𝑡 =
𝑚−1⋃
0
{Sampling(v, ℎ𝑡 )}

6: c∗ = 𝑎𝑟𝑔𝑚𝑖𝑛c∈𝑆𝑡∪{c∗ } 𝑓v (c);
7: ℎ𝑡+1 = Learning(v, ℎ𝑡 ,𝑆𝑡 ,𝑓v);
8: 𝑡 = 𝑡 + 1;
9: return c∗ and 𝑓v (c

∗)

10: end function

Then, they proved the following lemma to give an upper bound

of the (𝜖, 𝛿)−query complexity of the general classification-based
optimization framework to converge to the optimal result.

Lemma 2. Given a function 𝑓 , 0 < 𝛿 < 1 and 𝜖 > 0, the (𝜖, 𝛿)−query
complexity of a classification-based optimization algorithm is upper

bounded [40].

The detailed bound of the query complexity in Lemma. 2 and its

proof are presented in the appendix of [40]. Due to space limitations,

please refer to [40] for details. Finally, based on existing theoretical

results, we give the following theorem about the optimality of our

hybrid optimal control algorithm and give its proof sketch.

Theorem 1. Given a hybrid optimal control problem P by Def.5

and a depth bound D, the (𝜖, 𝛿)−query complexity of Alg.1 to syn-

thesize the optimal trajectory 𝜉∗ in the bound D is upper bounded.

Proof. As introduced in sect.3.1, with the search depth upper

bounded by D, Alg.1 can find all the candidate sequences that

are not longer than D. We denote the finite number of candidate

sequences as ND . For each candidate mode sequence v, the op-

timal control synthesis of configurations is transformed into an

equivalent minimization problem by Def.8 and Lemma.1. Then,

according to Lemma.2, the (𝜖, 𝛿)−query complexity of the CDH

algorithm to find the optimal solution of the minimization prob-

lem is upper bounded. We denote it as 𝐶𝑜𝑚𝑝𝑙𝑒𝑥𝑖𝑡𝑦 (v). Since we
explore all the candidate control mode sequences and solve each

minimization problem with bounded (𝜖, 𝛿)−query complexity,

the overall (𝜖, 𝛿)−query complexity of Alg.1 is upper bounded

by
∑ND−1
𝑖=0 𝐶𝑜𝑚𝑝𝑙𝑒𝑥𝑖𝑡𝑦 (v𝑖 ). �

Generally speaking, it’s very difficult to claim the optimality of

results generated by CDH. The argument is twofold.

• Theoretically, based on Theorem.1, the underlying DFO al-

gorithm can synthesize the optimal trajectory with a high

probability given enough query time.

• Practically, as the query upper bound could be enormous, we

set a termination condition for Alg.3 to reach an approxi-

mate optimal solution. Our termination condition is that the

values of consecutive iterations keep stable for a long time

(e.g. 50 iterations in our setting), or it reaches the maximum

iteration steps (e.g. 500 steps).

3.5 Multi-Phase Control Synthesis-Based
Tradeoff Between Optimality and Efficiency

As we introduced above, Alg.1 searches for an optimal trajectory

with the maximum search depth D. To further improve the scala-

bility of our method to handle complex problems that need large

boundD, we propose a multi-phase method based on Alg.1 to solve

the whole problem piece by piece in a divide-and-conquer manner.

We split the synthesis problem of the complete trajectory into

multiple synthesis problems of sub-trajectories. For each sub-problem,

we set a relatively small bound D′ (D′ < |𝜉∗ |) and call Alg.1 to
generate an optimal sub-trajectory in the bound ofD′. After reach-

ing the control target, we merge these sub-trajectories to become a

final feasible solution. Before introducing the algorithm, we first

define the concatenation of two trajectories.

Definition 10. The concatenation of two control trajectories

𝜉𝑖 = (𝑣𝑖0, 𝑐𝑖0), . . . , (𝑣𝑖𝑚, 𝑐𝑖𝑚) and 𝜉 𝑗 = (𝑣 𝑗0, 𝑐 𝑗0), ..., (𝑣 𝑗𝑛, 𝑐 𝑗𝑛) is the
new trajectory

𝜉𝑖 ‖ 𝜉 𝑗 = (𝑣𝑖0, 𝑐𝑖0), . . . , (𝑣𝑖𝑚, 𝑐𝑖𝑚), (𝑣 𝑗0, 𝑐 𝑗0), ..., (𝑣 𝑗𝑛, 𝑐 𝑗𝑛)

Now we introduce how we solve complex control problems,

as presented in Alg.4. It first initializes the search bound D′ to a

relatively small value (line 1), which is the number of control modes

in hybrid systems in our setting. Meanwhile, it initializes the final

trajectory 𝜉 = 𝑛𝑢𝑙𝑙 and the current mode 𝑣 = 𝑣𝑖𝑛𝑖𝑡 (line 2). Then,
it iterates to generate sub-trajectories by calling Synthesis from

Alg.1 (line 5) until the control target is fulfilled or it reaches the

maximum iteration times T . Every time a new sub-trajectory is

generated, it merges the newly found sub-trajectory 𝜉𝑠 to the final
trajectory 𝜉 (line 6) and updates the start mode of the next search
to the last state of the previous sub-trajectory (line 7). When the

loop stops, the algorithm will return the final trajectory 𝜉 (line 9).

Algorithm 4Algorithm of Multi-Phase Control Synthesis and Con-

catenation for Complex Hybrid Control Problems

Input:

𝐻 : The hybrid automaton;
𝐽 : The objective function;
T : Maximum iteration times;

1: Initialize a relatively small search bound D′

2: Initialize 𝜉 = 𝑛𝑢𝑙𝑙 , 𝑣 = 𝑣𝑖𝑛𝑖𝑡 , 𝑡 = 0

3: while not fulfill the control target and 𝑡 < T

4: Initialize 𝜉𝑠 = 𝑛𝑢𝑙𝑙 .
5: 𝜉𝑠 = Synthesis(𝐻, 𝐽 , 𝑣,D′) // Call Alg.1

6: 𝜉 = 𝜉 ‖ 𝜉𝑠 // concatenation
7: 𝑣 = 𝐿𝑎𝑠𝑡𝑆𝑡𝑎𝑡𝑒 (𝜉𝑠 ) // update
8: 𝑡 = 𝑡 + 1
9: return 𝜉 .

Discussion about Soundness and Optimality. Here, we give

some discussions about the soundness and optimality of the multi-

phase control synthesis and concatenation.

Soundness: Whether the trajectory resulting from the concate-

nation is still valid? As we can see in Alg.4, every time we merge a

new sub-trajectory into the end of the existing trajectory, we update

the states of the system simultaneously. As a result, the values we
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use to generate new sub-trajectories are all extended from the last

state of the existing trajectory, and the whole trajectory after the

concatenation is still valid.

Optimality: Whether the trajectory resulting from the concate-

nation is still optimal? Actually, this is a tradeoff between perfor-

mance and optimality. For any hybrid optimal control problems P,

if the length of its optimal trajectory has not reached bound D′,

|𝜉∗
P
| ≤ D′, we can approximate the optimal trajectory by Theo-

rem.1. In this case, Alg.4 will stop after just one iteration. On the

other side, if |𝜉∗
P
| > D′, Alg.4 can synthesize a feasible solution

very efficiently. But the result cannot be guaranteed to be as optimal

as the integral control anymore, but only piecewise optimal instead.

4 EXPERIMENT

Now we present our experiments on two complex systems: the ve-

hicle system and the quadcopter drone system. These two classical

systems were given in [22]. All the experiments here are conducted

on an Ubuntu machine with a 4 core, 2.7 GHz CPU and 8GB RAM.

4.1 Vehicle Optimal Control

The vehicle control system has two control modes: Forward and

Turn. The flow conditions are given as follows:

�𝑥 = 𝑣𝑒𝑙𝑐𝑜𝑠𝜃 �𝑦 = 𝑣𝑒𝑙𝑠𝑖𝑛𝜃 �𝑣𝑒𝑙 = 𝑢1 �𝜃 = 𝑢2

where 𝑥 and 𝑦 are the Cartesian coordinates of the car, 𝑣𝑒𝑙 and 𝜃
are the velocity and the angular orientation with respect to the x-

axis. 𝑢1 and 𝑢2 are control inputs corresponding to the velocity and
angular acceleration respectively. We set 𝑢1 ∈ [−0.3, 0.3], 𝑢2 = 0

in Forward mode and 𝑢1 = 0, 𝑢2 ∈ [−𝜋
6 ,

𝜋
6 ] in Turn mode. As for

invariants of vehicle control systems, we require 𝑣𝑒𝑙 ≤ 8 in Forward

mode and require −1.5 ≤ 𝜃 ≤ 3.14 in Turn mode.

About discrete transitions, the system can jump from one control

mode to all the other control modes, including the current mode

itself. All the transitions have no guard conditions. The control

target of the hybrid optimal control problem is to drive the car from

the initial waypoint𝑤0 to a target waypoint �̂� while avoiding all

the boundaries and obstacles. The given objective function is:

𝐽 (𝜉) = ‖(𝑥,𝑦) (𝜉) − �̂� ‖1 + 𝛾
∑ |𝜉 |−1
𝑖=0 𝐼 (𝑣𝑒𝑙 )𝐿𝑖 (𝜏𝑖 , 𝑢1, 𝑢2)

which consists of a control target function denoting the Manhattan

distance between the current position and the target position and

cost functions. The cost function also has two parts: the running

cost 𝐿 respective to 𝜏𝑖 and control inputs 𝑢1, 𝑢2, and a piecewise
function 𝐼 with respect to 𝑣𝑒𝑙 . Usually, it costs more fuel for a car
to get the same acceleration when it has a higher speed. So we set

𝐼 = 1 if 0 < |𝑣𝑒𝑙 | ≤ 5, 𝐼 = 2 if 5 < |𝑣𝑒𝑙 | ≤ 10 and 𝐼 = 3 if |𝑣𝑒𝑙 | > 10.

Obviously, 𝐼 is not continuous everywhere to compute gradients1.
We calculate the optimal control trajectory of the vehicle for

three control missions shown in Fig.2, where 2(a), 2(b) and 2(c)

present the scenes of Go Straight, Turn Right and Cross Intersec-

tion, respectively. The constraints of these control missions consist

of invariants of each control mode and external constraints from

obstacles. It takes around 200 iterations for our algorithm to synthe-

size the approximate optimal trajectories for these control missions.

1Here, we use the piece-wise control functions to show our method can handle dis-
continuous objective functions. Our method can also work with normal objective
functions. Therefore, it’s not a restriction compared to the state-of-the-art hybrid
optimal control algorithms.

The moving trajectories of the vehicle are also presented in Fig.2.

In each plot, blue points represent the Forward mode and orange

points represent the Turnmode. As we can see from the plots, under

the optimal control solutions generated by our methods, the vehicle

successfully and smoothly fulfills the control targets without any

collision into the boundaries or the obstacles.

We repeat the control missions for 100 times. In each round,

the initial states, target points and objective functions are all the

same. Table.1 shows the statistical results. The success rates of

three control missions of the vehicle are all 100%, which shows the

feasibility of our algorithm to solve complex hybrid optimal control

problems. Meanwhile, our method is efficient since the average

time costs to synthesize optimal solutions of three control missions

are 13.1 secs, 12.9 secs, 9.1 secs, respectively. What’s more, in terms

of the stability, our method also performs well that the standard

deviations of time costs for three tasks are all less than 4 seconds.

4.2 Quadcopter Drone Optimal Control

In this section, we solve the optimal control of a classical quadcopter

drone system from [22]. In the system, 𝑥 and 𝑧 denotes the position
of the drone along the horizontal axis and the height above the

ground. 𝜃 means the roll angle of the drone. The HA model of this

system has three modes: Cruise, Rise and Dive. Each of them has

flow equations as follows

�𝑥 = 1
𝑀 𝑠𝑖𝑛(𝜃 )

∑3
𝑘=1𝑇𝑘 , �𝑧 = 1

𝑀 𝑐𝑜𝑠 (𝜃 )
∑3
𝑘=1𝑇𝑘 − 𝑔

�𝜃 = 𝐿
𝐼𝑧
(𝑇1 −𝑇3)

where 𝑇1 and 𝑇3 are thrusts applied at the opposite ends of the
quadcopter along the 𝑥-axis, while 𝑇2 is the sum of the thrusts of

other rotors at the center of mass of the quadcopter. Meanwhile,

𝑀 , 𝐼𝑧 , 𝐿 represent the mass, moment of inertia about 𝑧-axis and
the distance from center of mass of each of the rotors 𝑇1, and 𝑇3.
For the Cruise mode, we set 𝑇1 = 𝑇3 = 0, 𝑇2 ∈ [0, 16]. For the Rise
mode, we set𝑇1 = 0,𝑇2 = 𝑀𝑔,𝑇3 ∈ [0, 2] and for the mode Dive, we
set 𝑇1 ∈ [0, 2], 𝑇2 = 𝑀𝑔, 𝑇3 = 0. As for invariants of drone control

systems, we require −2 ≤ �𝑧 ≤ 2 in all the three control modes.

About discrete transitions, similar to the vehicle control system,

the drone can jump from one control mode to all the other control

modes, including the current mode itself. All the transitions have

no guard conditions either. The objective of the problem here is to

control the drone to fly from the initial waypoint𝑤0 to the target

way point �̂� . The objective function is listed below:

𝐽 (𝜉) = ‖(𝑥, 𝑧) (𝜉) − �̂� ‖1 + 𝛾
∑ |𝜉 |−1
𝑖=0 𝐼 ( �𝑥, �𝑧)𝐿𝑖 (𝜏𝑖 ,𝑇1,𝑇2,𝑇3)

The objective function here is also composed of a control target

function denoting the distance and cost functions. As introduced

in the vehicle control problem, we also define a piecewise function

𝐼 respective to the horizontal velocity �𝑥 and the vertical velocity �𝑧
to balance the fuel cost when the drone has different speeds.

We calculate optimal trajectories for three control missions

which are shown in Fig.3. It takes around 300 iterations for our

algorithm to synthesize the approximate optimal trajectories. In

each plot, blue points, orange points and green points are flying

trajectories regarding the Cruise mode, the Rise mode and the Dive

mode, respectively. As we can see from the plots, the drone can

avoid all the obstacles according to the optimal control solutions

generated by our method.
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In each plot, blue points and orange points are moving trajectories of the vehicle with respect to the Forward mode and Turn mode, respectively.

Figure 2: Themoving trajectories of the vehicle for three control missions: (a)Go Straight, (b) Turn Right, (c)Cross Intersection.
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In each plot, blue points, orange points and green points are flying trajectories of the drone with respect to the Cruise mode, Rise mode and Dive mode, respectively.

Figure 3: The flying trajectories of the drone for three control missions: (a) Turn, (b) Two Turns, (c) Keep Forward.

We also repeat the missions for 100 times and present the sta-

tistical data in Table.1. The success rates of synthesizing feasible

solutions remain 100%. In terms of efficiency, although it costs more

computation time than vehicle control missions, the trajectories

can still be synthesized within 50 seconds. Moreover, our method

keeps synthesizing trajectories stably since the maximum standard

deviation of time costs of three tasks is about only 9 seconds.

4.3 Compare CDHWith Existing Methods

Beside CDH, we also adapt the cross-entropy method (CEM) [13]

and the genetic algorithm (GA) [21] to apply them into our non-

differentiable hybrid optimal control synthesis framework. What’s

more, we implement another two classical sampling-based hybrid

control algorithms, Rapidly-exploring Random Trees (RRTs) [8]

and robust model predictive control based on Monte Carlo and

Rejection-Sampling (MCRS) [18] to solve the above six control

problems. More details about these two methods are given in sect.5.

Due to space limitations, we skip the implementation details here.

We synthesize optimal solutions for the above six control missions

using these methods for 100 times respectively. The comparison

results are depicted in Fig.4.

Firstly, we compare the final objective function values achieved

by these five methods. We can see that the CDH achieves the best

objective function values on all the cases. In terms of success rates,

CDH is the only one that successfully finds optimal solutions for

all the control missions in all rounds. For the control missions of

𝐷 (𝑎), 𝐷 (𝑏), 𝐷 (𝑐), which are relatively difficult to solve, the other
four methods perform much worse than CDH. Especially for 𝐷 (𝑏),
the success rates of GA, RRTs and MCRS are all lower than 50%.

Table 1: Statistical results of repeating experiments.

S. Rate Mean Std Max Min

Vehicle (a) 100% 13.1 2.0 17.8 7.7

Vehicle (b) 100% 12.9 2.1 19.8 7.6

Vehicle (c) 100% 9.1 3.6 30.4 3.7

Drone (a) 100% 37.2 5.0 59.3 27.7

Drone (b) 100% 43.1 4.9 57.4 32.4

Drone (c) 100% 49.0 9.1 69.4 34.3

S.Rate stands for the success rate to generate the final optimal feasible solutions.
Mean/Std means the mean/standard deviation value of time (seconds).
Max/Min means the maximum/minimum time (seconds).

We also give the analysis of time costs. Our CDH method out-

performs other methods on all the cases. Especially on the drone

control missions, only CDH generates solutions within one minute.

In comparison, CEM needs about 10 minutes (600 seconds) and

other three methods need over half an hour (1800 seconds). Mean-

while, from the perspective of the standard deviation of time costs,

CDH is more stable than other four methods as well.

The above experimental results confirm our DFO-based control

synthesis method can be easily equipped by existing DFO methods.

It also demonstrates that our CDH algorithm outperforms existing

sampling-based methods substantially.

4.4 Multi-Phase Control Missions

As we introduced in sect.3.5, for complex hybrid control problems

that need many control modes switches, if we simply raise D, the

number of potential control mode sequences may grow quickly. So

we propose the multiple-phase control method to make a tradeoff

between optimality and efficiency. In this subsection, we give two

complex control missions of the vehicle and drone and compare
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In each plot, V(a), V(b), V(c) stand for the the three control missions of the vehicle
and D(a), D(b), D(c) stand for the three control missions of the drone.

Figure 4: The comparison results on objective function val-

ues, success rates, average and standard deviation of time

costs of CDH, CEM, GA, RRTs and MCRS.

the performance of synthesizing trajectories between the original

(integral) version and the multi-phase control.

For the vehicle, we require it to reach the waypoint while avoid-

ing a number of obstacles, as shown in Fig.5. While for the drone

control, we generate two complex piecewise functions as bound-

aries of the flying region (represented by grey lines in Fig.6(a)). The

drone is only allowed to fly in the enclosed tight space. As the state

space of these two control missions is much more complicated, it

needs more mode switches to find a feasible solution.

We first set D = 6 and solve the two problems integrally using

Alg.1. The vehicle’s trajectory is shown in Fig.5 denoted by a blue

car, while the drone’s trajectory is shown in Fig.6 denoted by a

blue quadcopter. We give results of time costs, numbers of potential

mode sequences checked and minimized objective function values

in Table.2. For the vehicle control, it explores 12 control sequences

and costs 576 seconds to synthesize the final optimal trajectory.

The final minimized objective function value is 1.35. While for the

drone control, it costs over an hour (3894 seconds) with 189 control

sequences checked. The minimized objective function value is 2.23.
Then, we use the multi-phase control synthesis and concate-

nation algorithm to solve the same problems. For vehicle control,

we set D = 2 and the trajectory computed is illustrated in Fig.5,

denoted by a green car. As the vehicle system has only two control

modes, multi-phase control still checks 12 control sequences during

3 phases. Nevertheless, it saves 88% of time costs since the control

sequences checked here are shorter, and the corresponding DFO

problems are much easier to solve. The minimized value of the

objective function is 1.40, which is increased by 3.7% only.

For drone control, we set D = 3 and the trajectory computed

is illustrated in Fig.6, denoted by a green quadcopter. Compared

to integral control, multi-phase control only checks 42 control

sequences, reduced by 77%. As a result, it dramatically improves the

efficiency, by 94%, to synthesize feasible solutions within only 216

seconds. About the optimality, the minimized objective function

here is 2.49, which is still close to the integral control.

Table 2: Performance comparison between integral control

and multi-phase control.

Type D P Time (sec) Path Num Minimized 𝐽

Vehicle
Integral 6 1 576 12 1.35

Multi-Phase 2 3 66 (88%↓) 12 (0%↓) 1.40 (3.7%↑)

Drone
Integral 6 1 3894 189 2.23

Multi-Phase 3 2 216 (94%↓) 42 (77%↓) 2.49 (11.6%↑)

D is the search bound. 𝑃 is the number of phases. Minimized 𝐽 stands for the
objective function value of 𝐽 after minimized.

5 RELATEDWORK

In this section, we make a review of classical hybrid control algo-

rithms for nonlinear systems proposed during the past two decades.

For Differentiable Systems.Here, differentiable means the ob-

jective function, constraints are differentiable and control inputs

can either be discrete or continuous. Bengea [4] considered the

optimal control for switching systems and found sufficient and nec-

essary conditions for the optimality. Xu and Antsakils [37, 38] firstly

presented the classical bi-level hierarchical optimization algorithm,

based on available theoretical results about necessary conditions

for the existence of optimal controls [6, 9, 24, 34]. Egerstedt [16, 17]

used a steepest descent algorithm to find the optimal value based

on a simpler formula for the gradient. Caldwell [11], Johnson [27]

and Liu [31] compared the second-order method to the first-order

method and emphasized the importance of the second-ordermethod

due to its faster convergence rate in consideration of online applica-

tions [15]. In addition, Axelsson [3] and Gonzalez [22, 23] improved

the mode insertion method by introducing a single-mode insertion

technique and its variant. Ali [1] proposed a method to improve

efficiency by changing dwell times of multiple modes at a time.

Beside the conventional gradient-based methods, novel computa-

tional methods were also proposed to solve hybrid optimal control

problems of differentiable systems. Nilsson [33] proposed a counter-

example guided abstraction refinement procedure to synthesize

switching protocols. Ding [14] took advantage of the reachabil-

ity analysis technique to compute the set of states in reach-avoid

controllers synthesis. For the specific control problems where the

control input space is compact and convex, Zhao [41] proposed

using convex relaxtions to synthesize the optimal controller.

For Non-differentiable Systems. On the other hand, for hy-

brid optimal control of non-differentiable systems, sampling-based

methods have achieved considerable success. Rapidly-exploring

Random Trees (RRTs) [30] is one of the classical sampling-based

exploration algorithms for quickly searching feasible trajectories.

Branicky [7, 8] used RRTs to solve nonlinear control problems and

extended them to the case of hybrid systems. However, the above

searching graph-based algorithms cannot guarantee the optimality

of the synthesized trajectory.

Farahani [18] proposed a robust model predictive control ap-

proachwhich took advantage ofMonte Carlo simulation and Rejection-

Sampling (MCRS) to solve the worst-case MPC problem. Although

MCRS can be used to solve hybrid optimal control problems, its

ability to generate feasible trajectories for complex control prob-

lems is restricted. To generate maximally-satisfying controllers for

STL specifications, Vasile [35] explicitly used bounds on the quan-

titative satisfaction of a formal specification as a heuristic to guide

sampling. The authors gave the asymptotic optimality analysis of
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The trajectory computed by integral control is denoted by the blue car, while the trajectory computed by multi-phase control and concatenation is denoted by the green
car. For the multiple-phase control, we mark the beginning of each sub-trajectory by a green double-triangle.

Figure 5: Trajectories computed by integral and multiple-phase control for complex hybrid optimal control problems of vehi-

cle.
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The trajectory computed by integral control is denoted by the blue quadcopter, while the trajectory computed by multi-phase control and concatenation is denoted by the
green quadcopter. For the multi-phase control, we mark the beginning of each sub-trajectory by a green double-triangle.

Figure 6: Trajectories computed by integral andmultiple-phase control for complex hybrid optimal control problems of drone.

their proposed method. However, the method was designed only for

continuous control, thus cannot be applied to solve hybrid optimal

control problems directly.

Sum Up. We now conclude the aims and features of the above

classical control synthesis algorithms. As we can see from Table.3,

most control synthesis algorithms can support hybrid control, ex-

cept for maximally-satisfying controllers. Among those hybrid con-

trol methods, RRTs aim for feasible trajectories and doesn’t belong

to hybrid optimal control areas. As for non-differentiable behav-

ior support, sampling-based methods don’t require differentiable

systems. Finally, compared to MCRS which also supports hybrid

optimal control of non-differentiable system, CDH method has suf-

ficient theoretical analysis on query complexity of approximating

optimal solutions. On the other hand, as declared in [16], MCRS

cannot guarantee to generate feasible trajectories. The experimen-

tal comparison results of our CDH and MCRS in sect.4.3 also prove

that our CDH method outperforms MCRS significantly. Last but

not least, apart from the optimal control synthesis, we also applied

such derivative-free optimization methods into falsification areas

and achieve promising performance [36].

6 CONCLUSION

In this paper, we propose a practical and efficient sampling-based

algorithm to solve arbitrary hybrid optimal control problems. We

transform the control synthesis problem into a minimization prob-

lem and solve it by adapting the latest classification-based derivative-

free optimization framework. To further improve the scalability,

we propose the multi-phase control synthesis and concatenation

method to solve complex hybrid optimal control problems in a

divide-and-conquer manner. We apply our algorithm to synthesize

Table 3: Conclusions of aims and features of different con-

trol synthesis approaches.

Hybrid
Control

Hybrid Optimal
Control

Non-diff.
Behavior

Query
Complexity

Bi-level [37, 38] � � � N/A

Second-order [11, 27] � � � N/A

Mode-insertion [22] � � � N/A

Abstract refinement[33] � � � N/A

Reachability analysis[14] � � � N/A

Convex relaxation[41] � � � N/A

RRTs [7, 8, 30] � � � N/A

Maximally-satisfying
Controllers [35]

� � � N/A

MCRS [18] � � � �

CDH � � � �

optimal control trajectories for two complex systems, including

six basic control missions and two much more complex missions.

The result shows our method can handle such complex problems

efficiently and outperforms existing methods significantly.
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